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Plasmons in two-dimensional electron systems with nonparabolic bands, such as graphene, feature
strong dependence on electron-electron interactions. We use a many-body approach to relate plas-
mon dispersion at long wavelengths to Landau Fermi-liquid interactions and quasiparticle velocity.
An identical renormalization is shown to arise for the magnetoplasmon resonance. For a model with
N  1 fermion species, this approach predicts a power-law dependence for plasmon frequency vs
carrier concentration, valid in a wide range of doping densities, both high and low. Gate tunability of
plasmons in graphene can be exploited to directly probe the effects of electron-electron interaction.
Plasmonics has emerged recently as an active direc-
tion in graphene research.1–5 Surface plasmons in 2D
electron systems are propagating charge density waves
in which collective dynamics of clouds of charge is me-
diated by electric field in 3D.6 The dual matter-field na-
ture of plasmons is a key ingredient for many interest-
ing and important phenomena.7,8 Plasmons in graphene
display a range of potentially useful properties, such as
low Ohmic losses, a high degree of field confinement,
and gate-tunability.9,10 Gate-tunability of plasmons in
graphene was demonstrated recently.11,12
The goal of this article is to investigate the density
dependence of plasmons and relate it to the interaction
effects in the electron system. The dependence of plas-
mon dispersion on carrier density arises due to several
effects. It takes on the simplest form in the limit of weak
electron-electron interactions,1–4
ω2 =
2e2EF
κh¯2
q (1)
where EF ∼ n1/2 is the Fermi energy of noninteract-
ing massless Dirac particles, and n is carrier density.
Here κ is an effective dielectric constant of the substrate
and a long-wavelength limit is assumed, q  pF . Fur-
thermore, plasmon dispersion features strong dependence
on interactions. Renormalization of the dispersion re-
lation, Eq.(1), due to electron-electron interactions was
predicted in Ref.3, where perturbation expansion in a
weak fine structure parameter α = e2/h¯v was employed.
The results of Ref.3 point to an interesting possibility
to directly probe the effects of interactions by measur-
ing plasmon dispersion relation. However, strong inter-
actions in graphene, α ∼ 2.5, render the weak coupling
approximation unreliable.
Acknowledging the difficulty of modelling the strong-
coupling regime, it is beneficial to adopt a somewhat
more general approach. Rather than attempting to make
predictions based on a specific microscopic models, one
can ask if a relation between the plasmon dispersion
and some other fundamental characteristics of the sys-
tem can be established. Below we point out that such
a relation arises naturally from the Landau theory of
Fermi liquids.13 This theory affords a general, model-
independent framework to describe systems of strongly
interacting fermions at degeneracy. The effects of interac-
tions are encoded in the Landau parameters, representing
a “genetic code” of the Fermi liquid (FL). The parame-
ter values can in principle be predicted from perturbation
theory if interactions are weak. For systems with strong
interactions, however, the most reliable way to obtain the
Landau parameters is to use their relation with experi-
mentally measurable quantities, such as compressibility,
heat capacity, spin susceptibility and dispersion of col-
lective excitations.
Our many-body analysis upholds the conventional
square-root dependence ω ∼ q1/2. We show that all the
effects of interactions are accumulated in the prefactor,
ω2 = Y λq, Y = (1 + F1)v, λ =
Ne2pF
2κh¯2
(2)
where pF is Fermi momentum, N = 4 is the number
of spin/valley flavors, and a long-wavelength limit is as-
sumed, q  pF . Here F1 is the Landau interaction har-
monic with m = 1, and v is the Fermi velocity renor-
malized by interactions. The quantity λ in Eq.(2) has
units of frequency and depends only on the fundamen-
tal constants and carrier density via pF . In some cases
the dielectric constant κ may feature an essential q de-
pendence. In particular, when image charges arise due to
conducting boundaries and gates, a simple model yields14
κ(q) = 12 (κ1 + κ2 coth(qd)), giving an acoustic plasmon
dispersion ω ∼ q.
Magnetic field alters the behavior, turning the gapless
plasmon mode into a gapped mode. The magnetoplas-
mon dispersion relation obtained by adding Lorentz force
to the FL dynamics takes on the following form:
ω2B(q) = ω
2
0(q) + Y
2 (eB/cpF )
2
, qrc  1, (3)
where ω0(q) is plasmon dispersion at B = 0 given by
Eq.(2), and rc is the cyclotron radius. The dispersion
relation becomes more complex at qrc ∼ 1 due to the
presence of Bernstein modes.15 The size of the gap at
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2q = 0 scales linearly with B, with a density dependent
prefactor. Notably, the magnetoplasmon dependence on
the interactions is described by the same combination
Y = (1 + F1)v as that appearing in Eq.(2).
The quantity Y describes the interaction dependence
of plasmon dispersion. Measuring it as a function of
carrier density can be used to determine the electron-
electron interaction strength in the system. This be-
havior is in sharp departure with that for plasmons in
two-dimensional systems with parabolic band dispersion,
where Galilean invariance leads to an identity for Landau
parameters, (1 + F1)v = v0,
13 where v0 = mpF is Fermi
velocity of noninteracting particles at the same density
[see discussion in Sec.IV]. As a result, the value (1+F1)v
is independent of interactions, leading to the “univer-
sal” long-wavelength plasmon dispersion in the parabolic
case, ω20(q) =
2pie2n
mκ(q)q. Similarly, at a finite magnetic
field, Galilean invariance leads to a simple result for long-
wavelength magnetoplasmons, ω2B(q) = ω
2
0(q)+ω
2
c , where
m is unrenormalized band mass, ωc = eB/mc is the cy-
clotron frequency and qrc  1. These dependences carry
no information on the quantum effects and neither on the
interactions.
The situation is quite different in systems with non-
parabolic dispersion, such as graphene. The density de-
pendence in Y arises because the values v and F1 are
renormalized in an essentially different way. As an il-
lustration, we analyze the limit of a large number of
spin/valley flavors, N  1, using a renormalization
group (RG) approach. In this case, as we will see, Eq.(2)
yields a power-law dependence on carrier density,
ω2 ∼ An(1−β)/2q. (4)
Here the exponent β is identical to that found from one-
loop RG for velocity renormalization, β = 8Npi2 ,
16–18 and
the prefactor is A ∼ v0 e2h¯κa−β , with a ≈ 0.142 nm the
carbon spacing. For a non-interacting system, β = 0.
Crucially, the power law n(1−β)/2 describes the depen-
dence on carrier density not only near charge neutrality
but also for all accessible n values.
Measurements of the density dependence of a plasmon
resonance in graphene ribbons were reported in Ref.11.
The observed dependence approximately follows the re-
lation ω2 ∝ q, with the prefactor exhibiting an approxi-
mately linear dependence on n1/2. However, the limited
range of densities in which the dispersion was measured,
as well as possible corrections due to the finite width of
the ribbons, made it challenging to distinguish between
β = 0 and β 6= 0. An attempt to experimentally deter-
mine the RG scaling exponents directly from transport
measurements was made recently in Ref.19. In this work,
a systematic variation of the period of quantum oscil-
lations with carrier density was interpreted in terms of
Fermi velocity renormalization, giving a value β = 0.5-
0.55. This value is considerably larger than the one-loop
RG result, β = 8pi2N ≈ 0.2.16–18 This discrepancy is not
yet understood.
We note parenthetically that the interaction effects
are not expected to vanish in graphene bilayer despite
the parabolic character of its band dispersion. Elec-
tronic states in graphene bilayer are Dirac-like rather
than Schro¨dinger like, and hence do not admit Galilean
transformation. For plasmons in this material we there-
fore expect a behavior similar to that in materials with
nonparabolic band, described by Eqs.(2),(3).
I. MICROSCOPIC FERMI-LIQUID ANALYSIS
The goal of this section is to relate plasmon disper-
sion with the standard quantities such as Landau FL in-
teractions and renormalized velocity. The analysis pro-
ceeds by standard steps via resumming the ladder con-
tributions to the dynamical polarization function which
account for the quasiparticle dynamics in Landau’s FL
framework. In doing so, we keep ω and q small but fi-
nite, as appropriate for a plasmon dispersion analysis.
This leads to a polarization response, Π(q, ω) ∼ q2/ω2,
describing plasmon excitations in the low-frequency and
long-wavelength domain, ω  EF , q  pF .
Charge carriers in graphene single layer are described
by the Hamiltonian for N = 4 species of massless Dirac
particles. In second-quantized representation the Hamil-
tonian reads
H =
∑
p,i
ψ†p,iv0σpψp,i +Hel−el, (5)
Hel−el = 1
2
∑
q,p,p′,i,j
V (q)ψ†p+q,iψ
†
p′−q,jψp′,jψp,i,(6)
where i, j = 1...N , v0 ≈ 106m/s is unrenormalized Fermi
velocity, and V (q) = 2pie2/|q|κ is the Coulomb inter-
action with the dielectric constant κ describing screen-
ing by the substrate. Here ψp,i is a two-component
spinor describing the wave-function amplitude on the two
sublattices of the graphene crystal lattice. The ampli-
tudes associated with the two sublattices are usually re-
ferred to as pseudospin up and down components, with
the (pseudo)spin-1/2 Pauli matrices in Eq.(5) acting on
(pseudo)spinors ψp,i.
Plasmons are collective excitations of 2D electrons cou-
pled by the electric field in 3D. They can be described
microscopically using the density correlation function
K(q, ω) = i
∫
dt〈[ρq(t), ρq(t0)]〉eiω(t−t0) (7)
where ρq(t) =
∑
p,i ψ
†
p,i(t)ψp+q,i(t) are Fourier harmon-
ics of the total electron density. The quantity K is ex-
pressed in a standard fashion13 through geometric series
involving the polarization function Π(q, ω) defined as the
irreducible density-density correlator,
K(q, ω) =
Π(q, ω)
κ˜(q, ω)
, κ˜(q, ω) = 1− V (q)Π(q, ω) (8)
3Π = +
+ +    ...
Π0 +
Π1 Π2
Π3
=Π0
T ω T ω T ω T ω
T ω T ω
T ω
Γω
Γω Γω
FIG. 1: Resummed Feynman graphs for the polarization op-
erator Π(q, ω). The non-quasiparticle contribution Π0(q, ω)
and the FL ladder
∑
n≥1 Πn(q, ω) are shown. Only the con-
tributions Π1(q, ω) and Π2(q, ω) contribute to the low-energy
plasmon dispersion, see text.
Zeros of the dynamical screening function κ˜(q, ω) give
the poles of K, defining plasmon dispersion. To obtain
the dispersion from the condition κ˜(q, ω) = 0 we need
an input on Π(q, ω) from a microscopic approach. In
the long-wavelength limit, q  pF , ω  EF , the behav-
ior of the quantity Π(q, ω) is dominated by excitations
near the Fermi surface, which can be described in the FL
framework.
The microscopic approach used to justify the FL pic-
ture involves several standard steps. We start, as usual,
by isolating a quasiparticle pole contribution to the elec-
tron Greens function G(x − x′) = −i 〈ψ(x)ψ†(x′)〉 near
the Fermi surface,
G(,p) = G(reg)(,p) +G(sing)(,p). (9)
The first term is a regular part of the Greens function
behaving as a smooth function near the Fermi level. The
second term is a singular contribution describing quasi-
particles,
G(sing)(,p) =
Z
i− ξ(p) + iγ sgn . (10)
Here Z is a quasiparticle residue, γ is a quasiparticle
decay rate, and ξ(p) = v(p−pF ) is a quasiparticle energy
dispersion, with v the renormalized velocity.
This general discussion can be specialized to the case
of graphene as follows. The Green’s function for electrons
in graphene has a 2× 2 matrix pseudospin structure. By
projecting on the conduction and valence bands, it can
be represented as
Ĝ(ε,p) = G<(ε,p)P̂< +G>(ε,p)P̂> (11)
where P̂>(<) = (1 ± σep)/2 are projectors for the two
bands (here ep is a unit vector in the direction of momen-
tum p). The quasiparticle excitations with low energies,
which govern the low-frequency and long-wavelength re-
sponse, reside near the Fermi level. Without loss of gen-
erality, we assume n-type doping, so that the Fermi level
lies in the upper band, EF > 0. In this case, excita-
tions from the lower band do not appear explicitly in
the FL theory and lead only to renormalization of vari-
ous parameters such as the effective interactions and the
quasiparticle velocity. The quasiparticle pole in Eq.(9)
therefore arises only from the upper-band contribution
G> whereas the lower-band contribution G< can be ab-
sorbed into the regular part G(reg). Below the subscripts
> and < will be omitted for brevity.
The next step, which is key for understanding the role
of low-energy excitations, is the analysis of the polar-
ization function Π(q, ω) at small ω and q. This is done
by identifying the contributions due to pairs of Greens
functions with proximal poles (the “dangerous” two-
particle crosssections),13 which we write symbolically as
G(sing)G(sing) ∼ Z2 vkω−vk . One can represent Π(q, ω) as
a sum of terms with different numbers of such contribu-
tions,
Π(q, ω) = Π0(q, ω) + Π1(q, ω) + Π2(q, ω) + ... (12)
Π1(q, ω) = T ωGGT ω, Π2(q, ω) = T ωGGΓωGGT ω...
The corresponding graphs are shown in Fig.1. Here we
introduced so-called quasiparticle-irreducible quantities:
the renormalized scalar vertex T ω and the two-particle
scattering vertex Γω (see Fig.2 b,c). These quantities
absorb all non-quasiparticle contributions in the upper
band as well as the inter-band processes and the contri-
bution of the states in the lower band.
We recall that the quasiparticle-irreducible quantities
are distinct from the conventional irreducible quantities
defined as sums of Feynman graphs that cannot be split
in two by removing two electron lines.13 For example, the
quasiparticle-irreducible vertex Γω is obtained by sum-
ming all kinds of graphs except the ones with dangerous
cross-sections. The vertex Γω (T ω) can be obtained from
the conventional irreducible vertex Γ0 (T0) by the resum-
mation procedure pictured in Fig.2, where the hatched
blocks represent contributions due to pairs of Greens
functions save for G(sing)G(sing).
To analyze the dependence on ω and q in the long-
wavelength limit, caution must be exercised by em-
ploying the quantities T ω and Γω taken at small but
nonzero frequency and momentum values. We therefore
adopt an approach similar to that used in Ref.20: our
quasiparticle-irreducible quantities correspond to Lut-
tinger’s ω-quantities which are taken at finite ω and q.
They are distinct from the conventional ω-quantities13
obtained in the limit ω, q → 0, (ω  vF q). This distinc-
tion, however, turns out to be inessential: Luttinger’s
ω-quantities reproduce the conventional ω-quantites in
the limit ω, q → 0, which can be taken in arbitrary order
since dangerous cross-sections were left out of the defini-
tion of T ω and Γω.
Proceeding with the analysis, we note that the de-
pendence on ω and q is very different for Π0(q, ω)
and Πn≥1(q, ω). We will first analyze the contribu-
tion Π0(q, ω). This quantity does not contain dangerous
cross-sections which can generate a nonanalytic behavior
4= +
= +
= -
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ΓωT ω
FIG. 2: Feynman graphs for the “quasiparticle-irreducible”
quantities T ω, Γω. The bold lines represent a full Green’s
function, the thin lines represent a singular part G(sing).
The vertex Γ0 represents the conventional irreducible ver-
tex, whereas hatched blocks represent products of two Green’s
functions, with the contributions G(sing)G(sing) which give a
non-analytical behavior at small ω,q, taken out (see text).
at small ω and q. Taking Π0(q, ω) to be analytic, we can
represent it as
Π0(q, ω) = A(ω) +B(ω)
(
q
pF
)2
+ ... (13)
where A(ω) and B(ω) are regular functions. Further,
we recall that gauge invariance prohibits any physical re-
sponse to spatially uniform time-dependent scalar field.
Applying this to the full polarization function, Eq.(12),
we see that setting q = 0 yields Π(ω, 0) = 0. Also, since
the contributions of the dangerous cross-sectionsGG van-
ish at q = 0, all the quantities Πn≥1(q, ω) do so. We
therefore conclude that the function A(ω) vanishes, leav-
ing us with Π0(q, ω) = (q/pF )
2B(ω) +O(q4). This gives
an effective q-dependent permittivity
κ˜(q, ω) = 1− V (q)Π0(q, ω). (14)
The second term in Eq.(14) may henceforth be ignored in
the long-wavelength limit. Indeed, since V (q) = 2pie2/κq
in 2D, whereas Π0 ∝ q2, the quantity κ˜ equals unity in
the limit q/pF → 0.
It is instructive to compare this behavior of κ˜(q, ω)
with that arising for q  pF . In this case the effects of
finite doping are negligible and we can estimate the po-
larization function using the result obtained for massless
Dirac particles at zero doping,
Π(q, ω) = −N
16
q2√
q2v2 − ω2 , (15)
where N = 4 is the number of spin/valley flavors. In
the limit qv  ω, we obtain a well known renormalized
permittivity
κ˜(q, ω) = 1 +
piNα
8
(16)
This q-independent expression describes the effect of in-
traband polarization in undoped graphene. We stress,
however, that while κ˜ > 1, the above expression is ob-
tained for q and ω values which are not relevant for plas-
mon excitations. This is so because plasmons do not exist
for such Π(q, ω), as the plasmon dispersion terminates for
q >∼ pF . In contrast, the permittivity in Eq.(14), evalu-
ated in the long-wavelength limit relevant for plasmons,
q  pF , ω  EF , equals unity.
Next, we proceed with the analysis of the remaining
terms, Πn≥1(q, ω), which give a leading contribution to
the low-energy plasmon dispersion. This is the part of
polarization which depends on the quasiparticle contri-
butions. The corresponding Feynman graphs are given
by ladder with rungs consisting of two quasiparticle lines
separated by vertex parts, as shown on a Fig.1. This
gives geometric series that can be easily summed up:
Π(q, ω) = N
∮
dθ
2pi
T ω
(
νZ2
ω − qv(1 + F̂ )qvT
ω
)
, (17)
where F̂ is an integral operator
F̂ f(θ) = νZ2
∮
dθ′
2pi
Γω(ω,q, θ, θ′)f(θ′). (18)
Here ν = pF /(2pih¯
2v) is the density of states per flavor
and θ(θ′) is an angle between p(p′) and q. For zero
external momentum q→ 0 the kernel of the operator F̂
depends only on the angle between p and p′. In what
follows, we will need the quantity Γω(0, 0, θ, θ′) ≡ Γω(θ−
θ′).
The scalar vertex T ω takes on a simple form on the
Fermi surface. For small external frequency and momen-
tum values ω, vF q  εF the vertex can be decomposed
as
T ω(ω,q, θ) = T0 + T1ω + T2q cos θ + ... (19)
where T0 = Z−1 by virtue of Ward’s identity.13 The linear
terms are potentially relevant, if judged by power count-
ing. However these contributions drop out, because for
external frequency ω and momentum q, the expressions
in question contain both T ω(ω,q, θ) and T ω(−ω,−q, θ).
This leads to a cancellation of the terms linear in ω and
q.
Continuing with the analysis, we note that only the
first two terms of the series in Eq.(12) are relevant for
long-wavelength plasmons with vF q  ω  εF . Antici-
pating the square root dependence for plasmon frequency
5vs. wavenumber, we expand in qv/ω to obtain
Π1 =
∮
dθ
2pi
T ω(ω,q, θ) νZ
2vq cos θ
ω − vq cos θT
ω(−ω,−q, θ)
= νZ2T 20
∮
dθ
2pi
(vq cos θ)2
ω2
=
ν
2
v2q2
ω2
, (20)
Π2 =
∮
dθdθ′
(2pi)2
T ω(ω,q, θ)νZ
2vq cos θ
ω
Γω(ω,q, θ, θ′)
×νZ
2vq cos θ′
ω
T ω(−ω,−q, θ′)
= ν2Z4T 20
v2q2
ω2
∮
dθdθ′
(2pi)2
Γω(θ − θ′) cos θ cos θ′
=
ν
2
v2q2
ω2
νZ2
∮
dθ
2pi
Γω(θ) cos θ. (21)
The terms Πn≥3, expanded in qv/ω, yield contributions
which are higher order in q . The same is true for con-
tributions arising from expanding T ω, Γω in powers of q
and ω (with the exception for potentially relevant linear
terms T1, T2 in Eq.(19) which merely cancel out). These
terms are therefore not essential in the long-wavelength
limit.
Combining all the above results for Π0 and Πn≥1, we
find the long-wavelength asymptotic behavior for the net
polarization function:
Π(q, ω) =
1
2
ν(1 + F1)
v2F q
2
ω2
, (22)
F1 = νZ
2
∮
dθ
2pi
Γω(θ) cos θ. (23)
The quantity F1 also gives the eigenvalues of the inte-
gral operator F̂ corresponding to eigenfunctions cos θ and
sin θ. We can therefore write F1 cos θ = F̂ [cos θ], which
gives a Fourier harmonic of the operator kernel identical
to Eq.(23).
Plasmon dispersion can now be obtained from the re-
lation 1− V (q)Π(q, ω) = 0, giving Eq.(2). The effects of
interaction are encoded in the quantity Y which equals
Fermi velocity v0 in the absence of interactions and is
renormalized to a different value in an interacting sys-
tem.
We note a difference between the quantities Fm used in
the FL literature13 and those used here, which is manifest
in their sign. The difference arises due to the long-range
character of the 1/r interaction. In our case the density-
density interaction F (θ− θ′) accounts for the effects due
to exchange correlation but not for the Hartree effects.
The Hartree contribution is expressed through the 1/r
interaction taken at the plasmon momentum q, corre-
sponding to the Feynman graphs which can be discon-
nected by cutting a single interaction line. These contri-
butions are incorporated in the dynamically screened in-
teraction, Eq.(8), and hence not included in the definition
of Γω above. In contrast, for Fermi liquids with short-
range interactions, the Landau interactions describing
density-density response are dominated by the Hartree
effects. As a result, they have positive sign for weak re-
pulsive interactions. In contrast, our Fm are negative,
since they are dominated by exchange effects. In partic-
ular, we expect F1 < 0. The negative sign, expected from
this general reasoning, is also borne out by a microscopic
analysis at weak coupling, see below.
We also note an interesting analogy between the ap-
proach developed in this section and the analysis of su-
perconducting Fermi liquids by Larkin and Migdal,21 and
Leggett.22 Refs.21,22 were concerned with Fermi-liquid
renormalization of the quantities such as superfluid den-
sity in a metal with BCS pairing. Their analysis focused
on the current correlation function which determines the
response of current to vector potential, and followed simi-
lar steps as in the above discussion of Π(q, ω). The renor-
malization effects were expressed through a combination
of FL parameters, featuring a cancellation for a system
with a parabolic band.
II. DENSITY DEPENDENCE FROM ONE-LOOP
RG
In this section we derive plasmon dispersion for a sim-
ple model describing strongly interacting Dirac particles.
This is done by employing the renormalization group
analysis developed in Refs.16–18. We treat the two-body
scattering vertex by accounting for dynamical screening
of the Coulomb interaction in the random-phase approx-
imation (RPA),
Uq,ω =
V (q)
κ˜(q, ω)
, κ˜(q, ω) = 1− V (q)Π(q, ω). (24)
Here the quantity κ˜(q, ω) which describes dynamical
screening is identical to that introduced in the above dis-
cussion of the dynamical density correlator, Eq.(8). Here
Π(q, ω) is the polarization function2
Π(q, ω) = N
∑
k,s,s′
|Fk,k+q|2 f(k,s)− f(k+q,s
′)
iω + k,s − k+q,s′ + i0 ,
(25)
with the band indices {s, s′} = ± and the coherence fac-
tors |Fk,k′ |2 = |〈k′, s′|k, s〉|2 describing overlaps of differ-
ent pseudospin states. The polarization function is a sum
of interband and intraband contributions, Π = Π1 + Π2,
described by s′ 6= s and s′ = s, respectively. The fac-
tor (q, ω) describes the effect of intrinsic screening in
graphene arising due to both the interband and intra-
band polarization.
For undoped graphene, only interband transitions con-
tribute, giving Π1(q, ω) = −N16 q
2√
v2q2+ω2
. This expres-
sion is sufficient for our RG analysis [for a comprehensive
treatment of the quantity Π(q, ω) we refer to Ref.2].16–18
The full RG analysis of log-divergent corrections to
Greens functions and vertices was performed in Refs.16–
18. Below we use the results for one-loop RG calculation
6for large N . The RG flow for the quasiparticle velocity
takes the form
dv
d`
= βv, β =
8
Npi2
, (26)
where ` = ln(p0/p) is the RG time parameter (here the
UV cutoff is set by interatomic spacing in graphene lat-
tice, p0 ∼ a−1). This gives a power-law dependence
v(p) = (p/p0)
−βv0. (27)
For N = 4 we find β ≈ 0.2. This value is obtained from
a one-loop RG which employs 1/N as a small parameter.
The results for N ∼ 1 are qualitatively similar, however
the mathematical expressions are more cumbersome. Ac-
knowledging an approximate character of the scaling di-
mensions obtained from one-loop RG, we shall leave the
exponent β unspecified in the analytic expressions.
In the case of interest (doped graphene) the interband
contribution Π1 follows the above dependence for large
momenta and frequencies, |q|  pF , ω  EF , which
dominate the RG flow. The intraband contribution Π2
is much smaller than Π1 at such q and ω, with the two
contributions becoming comparable for |q| ∼ pF , ω ∼
EF . In the static limit, ω  EF , the polarization is
dominated by the Π2 contribution. In the range q < 2pF ,
which is where we will need it below, it is identical to that
for two-dimensional systems with parabolic band,
Π(|q| < 2pF ) = −Nν, (28)
ν = pF /2piv (we refer to Ref.2 for the analysis of other
regimes). This gives a standard expression for the static
RPA-screened interaction
Uq,0 =
2pie2
κ|q|+ 2piNνe2 (29)
We can obtain the two-particle scattering vertex Γω by
taking the interaction on the Fermi surface, q ∼ pF ,
ω  EF . This gives
Γω(θ, θ′) = −gp,p′ [T (∆p)]2U∆p,0, ∆p = 2pF sin ∆θ
2
,
(30)
where gp,p′ = |〈p′α′|pα〉|2 = cos2(∆θ/2) is the coherence
factor describing the overlap of (pseudo)spinors describ-
ing quasiparticles at different points of the Fermi surface
(here ∆θ = θ− θ′). The minus sign in Eq.(30) arises be-
cause this expression represents a contribution from an
exchange part of the two-particle vertex.13
The FL interaction can now be obtained from its re-
lation with the vertex Γω, Eq.(18). Combining Eq.(18)
and Eq.(30), we find
F (θ − θ′) = −νgp,p′Z2[T (∆p)]2U∆p,0 (31)
In the large N limit, the static RPA-screened interaction
can be approximated as Uq,ω ≈ − 1Π(q,ω) = 1Nν , where we
take into account that |∆p| < 2pF .
Both Z and T flow under RG, however their prod-
uct remains equal to unity because of the Ward identity.
As a result, FL interactions do not undergo a power-
law renormalization. Starting from Z(p)T (p) = 1, where
both Z(p) and T (p) are given by power laws drawn from
RG, we set p = pF . This gives
F (θ − θ′) = − 1
N
(T (∆p)
T (pF )
)2
cos2
(
θ − θ′
2
)
. (32)
We therefore conclude, that up to a remnant dependence
on pF which may arise in the angle dependence due to
the ratio T (∆p)/T (pF ), the function F does not flow
under RG.
The function F (θ − θ′) is essentially independent of
doping, whereas the velocity has a power-law dependence
on doping, v ∝ p−βF , given by Eq.(27) for p = pF . Com-
bining these results, we find a power law dependence for
plasmon dispersion,
ω2 = A|q|, A = Ne
2pF v(pF )
2κh¯2
(1 + F1) ∝ p1−βF . (33)
This result is valid for plasmons with long wavelengths,
q  pF . The predicted power-law dependence holds in
a wide range of carrier densities, both large and small,
except very near the neutrality point where spatial inho-
mogeneity and thermal broadening play a role.
To conclude, plasmon renormalization results from
competition of two effects: plasmons tend to stiffen due
to RG-enhancement of velocity, and to soften due to the
negative sign of F1. However, since F1 does not flow
under RG, whereas velocity v does, the net effect of in-
teractions is to stiffen plasmon dispersion. The predicted
dependence A ∝ n(1−β)/2 can be used for extracting the
exponent β from measurement results.
III. MAGNETOPLASMON IN A FERMI LIQUID
Below we analyze plasmon dispersion using FL trans-
port equations. We will first deal with plasmons in the
absence of magnetic field, then proceed to add a B field.
Some of the relevant quantites, such the Landau FL in-
teraction F (θ − θ′) has already been introduced and an-
alyzed, here we discuss them again to make connection
to the microscopic derivation in Sec.I.
In a semiclassical picture, the main effect dominating
the Fermi-liquid behavior is forward scattering wherein
the whole system of interacting particles acts as a refrac-
tive medium in which a quasiparticle energy is a function
of occupancies of other particles. This is described by so-
called Landau functional,13
δ(p) =
∫
d2p
(2pi)2
f(p,p′)δn(p′, r), (34)
where δn(r, t) accounts for deviation of quasiparticle dis-
tribution from equilibrium.
7Since deviation from equilibrium occurs in a narrow
band of states near Fermi surface, it is convenient to
write the Landau functional by setting |p| = |p′| = pF
and parameterizing the Fermi surface by a unit vector
n = p̂. Introducing the dimensionless Landau interac-
tion F (p,p′) = νf(p,p′), where ν = pF /(2pih¯2v) is the
density of states per flavor, we write
(p, δn) = 0(p) +
∫
dθ′
2pi
F (p,p′)δn˜(p′, r). (35)
Here 0(p) = v(p − pF ) is linearized quasiparticle en-
ergy, the angle θ′ describes orientation of p′, and δn˜(p)
is obtained by integrating δn(p) along the Fermi surface
normal. The expression (35) can be treated as a Hamilto-
nian of one quasiparticle moving in a selfconsistent field
of other quasiparticles. Equations of motion can then be
obtained from Hamiltonian formalism via ∂tn = {H,n}.
This gives
(∂t + v∇)δn(p, r, t) = −v∇F̂ δn(p, r, t), (36)
where F̂ is the integral operator defined in Eq.(35).
In a system with rotational symmetry, such as
graphene and 2DEG’s, the functional F depends only
on the angle between p and p′:
F̂ δn(θ)→
∮
dθ′
2pi
F (θ − θ′)δn(θ′) (37)
This expression defines a hermitian operator in the space
of functions on the Fermi surface with the inner product
〈f1(θ)|f2(θ)〉 =
∮
dθ
2pi
f∗1 (θ)|f2(θ). (38)
The eigenvalues of F̂ are simply given by the Fourier
coefficients
Fm = F (θ)e−imθ =
∮
dθ
2pi
F (θ)e−imθ. (39)
The quantities Fm parametrize FL interactions of a 2D
system.
To describe plasmons, we add to Eq.(36) a long range
electric field arising due to oscillating charge density,(
∂t + v∇(1̂ + F̂ )
)
δn(p, r, t) + eE∇pn0(p) = 0 (40)
where n0(p) is the equilibrium Fermi distribution. Here
E = −∇Φ, where Φ(r) is the potential
Φ(r) =
∑
i
∫
d2r′
∮
dθ′
2pi
e
κ|r− r′|δn(θ
′, r′, t).
Here the sum is taken over N spin/valley flavors, and
the dielectric constant κ accounts for screening by sub-
strate. Performing Fourier transform, δn(θ, r, t) =∫ ∫
dωd2k
(2pi)3 δnω,q(θ)e
−iωt+iqr, we arrive at an eigenvalue
equation of the form identical to that found in Sec.I by
analyzing poles of the dynamical screening function,
1− V (q)Π(q, ω) = 0 (41)
The quantity Π(q, ω) is identical to that found above by
summation of FL-type ladder graphs,
Π(q, ω) = Nν Trθ
(
1
ω − qv(1 + F̂ )qv
)
(42)
where trace is taken with respect to the inner product
defined by Eq.(38).
Plasmon dispersion in the long wavelength limit can
be found by expanding in the ratio v|q|/ω. We obtain
Π(q, ω) ≈ ν
ω2
〈qv|(1+F̂ )|qv〉 = νq
2v2
ω2
〈cos θ|(1+F̂ )| cos θ〉
(43)
Expressing the angle-averaged quantity through the
Fourier coefficient F1 and using the relation ν =
pF /(2piv) we rewrite this result as
Π(q, ω) =
NpFq
2
4piω2
v(1 + F1) (44)
Plugging this into Eq.(41) and restoring Planck’s con-
stant, we obtain the same expression for plasmon disper-
sion as above, see Eq.(2).
This analysis can be easily generalized to a system in
the presence of an external magnetic field. This is done
by accounting for the Lorentz force in the ∇pn term:(
∂t + v∇(1̂ + F̂ )
)
δn(p, r, t)+
(
eE+
e
c
v˜ ×B
)
·∇pn = 0
(45)
where the velocity v˜ = ∇p(p, δn) includes the contri-
butions accounting for the distribution function change
δn(p). This equation can be linearized as above,
n(p, r, t) = n0(p) + δn(p, r, t). In doing so, particular
caution must be taken with the Lorentz force term since
it is affected by the FL interactions. Accounting for the
term in the velocity v˜ that depends on δn(p), we write
v˜(n0 + δn) = ∇pε(n0 + δn) (46)
= ∇pε+∇pF̂ δn = v + F̂∇p′δn,
Here we used Eq.(35) , performing integration by parts
in the last term.
Terms linear in δn can arise both from ∇pn0 and v˜.
Taking a solution in a plane wave form δn(r,p, t) ∝
e−iωt+iqr∇εn0(p)f(θ) where θ is the angle between q
and v, we have(
iω − ivq cos θ(1 + F̂ )
)
f(θ)− e
c
(v ×B) · ∇pf(θ)(47)
−
(
F̂∇pf(θ)×B
)
· v = iνV (q)qv cos θ
∮
dθ′
2pi
f(θ′).
8This equation can be simplified as follows:(
iω − ivq cos θ(1 + F̂ )− ωB(1 + F̂ )∂θ
)
f(θ) (48)
= iνV (q)qv cos θ
∮
dθ′
2pi
f(θ′), ωB =
evB
pF c
.
This gives an eigenvalue problem with ω a spectral pa-
rameter and f(θ) an eigenfunction. Inverting the opera-
tor on the left hand side gives a self-consistency equation∮
dθ
2pi
iνV (q)qv
ω + iωB
(
1 + F̂
)
∂θ − qv cos θ(1 + F̂ )
cos θ = 1,
where 1ω+... is a shorthand for operator inverse. Magne-
toplasmon dispersion can be obtained via perturbation
theory in the parameter qv/ω  1, giving
ω2(q) = (1 + F1)
2ω2B + (1 + F1)
1
2
V (q)νq2v2 (49)
This analysis ignores Bernstein modes which appear for
qrc ∼ 1, where rc is the cyclotron radius.15 The valid-
ity of Eq.(49) is henceforth limited to long wavelengths,
qrc  1. Using the notation Y = (1 + F1)v we arrive at
Eq.(3). Magnetoplasmon dependence on interactions is
therefore described by the parameter Y identical to that
found for plasmons at B = 0.
As discussed above, the density dependence of the
quantities v and 1 +F1 can be linked to their flow under
RG. The power-law RG flow of velocity leads to stiffen-
ing of plasmon dispersion, which overwhelms the effect
of softening due to the negative sign of F1.
IV. COMPARISON TO SYSTEMS WITH
PARABOLIC BAND DISPERSION
To put the above results in perspective, we recall some
important aspects of long-wavelength plasmons in 2D
electron systems with a parabolic band. Such plasmons
afford a simple description in terms of classical equa-
tions of motion for collective “center-of-mass” variables
describing oscillating charge density.6 The result is ex-
pressed in a general form through unrenormalized band
mass and electron interaction as
mω2 = nV (q)q2 (50)
where n is carrier density and V (q) = 2pie
2
|q|κ for two-
dimensional systems. An identical result is found for
the quantum problem, since Heisenberg evolution gener-
ates classical equations of motion for the operators corre-
sponding to the center-of-mass variables describing col-
lective charge dynamics.
The absence of renormalization of plasmon dispersion,
Eq.(50), can be linked to Galilean invariance. In quan-
tum systems, Galilean invariance is a symmetry of the
Hamiltonian generated by the transformation x′ = x+vt,
t′ = t. This symmetry, which holds for any system
with parabolic band dispersion and instantaneous inter-
actions, ensure a complete cancellation of the effects of in-
teraction, rendering plasmon dispersion unrenormalized.
As discussed above, the cancellation of Fermi-liquid cor-
rections follows from the Fermi-liquid identity13 which
relates renormalized velocity with the quantity F1,
Y = (1 + F1)v = v0, (51)
where v0 = pF /m is Fermi velocity for noninteracting
particles. Crucially, the validity of this identity depends
on the band structure being parabolic on the scales  >∼
EF and  ∼ EF which determine the FL interactions.
The relation between unrenormalized plasmon disper-
sion and Galilean symmetry also holds in the presence
of a magnetic field, wherein gapless plasmons turn into
gapped magnetoplasmons. The magnetoplasmon disper-
sion is ω2B(q) = ω
2
0(q) + ω
2
c , where ω0(q) is given by
Eq.(50) and ωc = eB/mc is unrenormalized cyclotron
frequency. In this case, the absence of renormalization
is guaranteed by Kohn’s theorem.23 The Kohn’s theorem
is established by treating collective charge dynamics in
magnetic field using the center-of-mass variables in com-
plete analogy with the derivation of Eq.(50). Because of
the Galilean invariance, Heisenberg equations of motion
for the center-of-mass variables obey classical dynamics
with unrenormalized cyclotron frequency.
Unrenormalized plasmon dispersion also arises in other
space dimensions, with V (q) = 4pie
2
q2κ for 3D systems
and V (q) = 2e
2
κ ln
1
|q|a for 1D systems. In the latter
case, plasmon dispersion matches that of charge modes
in one-dimensional Luttinger liquids. We stress that, in
a general Luttinger liquid framework, the effective inter-
action for 1D plasmons is distinct from the bare inter-
action. Nevertheless, due to Galilean invariance, plas-
mon dispersion in a 1D system with parabolic bands is
expressed through unrenormalized bare interaction. As
noted above, what matters here is the character of the
overall band structure rather than the linear dispersion
in a system linearized near the Fermi points.
In contrast to systems with parabolic dispersion, plas-
mons in graphene are sensitive to interactions. This is so
because Galilean invariance is a non-symmetry for par-
ticles with linear dispersion, and hence the absence of
renormalization is not guaranteed by any general princi-
ples. As a result, plasmons in graphene feature a nontriv-
ial dependence on interactions. As we have seen above,
plasmon dispersion is expressed through the Fermi ve-
locity value v which is renormalized by the interaction
effects, and also through the FL interaction via a factor
1+F1. We parenthetically note that electronic spectrum
of graphene bilayer, while featuring parabolic band dis-
persion, does not obey Galilean invariance. We therefore
expect plasmon dispersion in a bilayer to exhibit a full-
fledged Fermi-liquid renormalization, similar to graphene
monolayer.
To summarize, renormalization of electron properties
due to interactions results in a nonclassical dependence
9of plasmon frequency on carrier density. Using a nonper-
turbative approach based on the FL theory, we show that
plasmon dispersion can be expressed through Landau FL
interactions. Measurements of plasmon resonance can
therefore be used to extract the interaction parameters in
a model-free way, which is particularly useful for studying
strongly interacting systems such as graphene. Our re-
sults indicate a significant deviation from the n1/4 power
law dependence predicted for weakly interacting elec-
trons in Refs.[1–4]. The density dependence predicted
by our approach derives from the RG flow of the quan-
tity Y = (1+F1)v, where the RG “time” parameter value
tracks the Fermi momentum. As an illustration, we con-
sider RG for a large number of fermion flavors, which
yields a power law of the form n(1−β)/4, β > 0. The den-
sity dependence of the plasmon resonance can therefore
provide a direct, model-free probe of the RG theory of
interaction effects in graphene.
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